We derive computational formulas for determining the Clairaut constant, i.e. the cosine of the maximum latitude of the geodesic arc, from two given points on the oblate ellipsoid of revolution. In all cases the Clairaut constant is unique. The inverse geodetic problem on the ellipsoid is to determine the geodesic arc between and the azimuths of the arc at the given points. We present the solution for the xed Clairaut constant. If the given points are not(nearly) antipodal, each azimuth and location of the geodesic is unique, while for the xed points in the "antipodal region", roughly within 36".2 from the antipode, there are two geodesics mirrored in the equator and with complementary azimuths at each point. In the special case with the given points located at the poles of the ellipsoid, all meridians are geodesics. The special role played by the Clairaut constant and the numerical integration make this method different from others available in the literature. 
Introduction
The geodesic is of utmost interest in the classical adjustments of triangulation networks on the ellipsoid. However, it is useful also today in geographic information systems, e.g. for ships and airplane navigation. Also, precise application of the U.N. 's Convention on the Law of the Sea requires geodesic computations, e.g. for delimitation between adjacent states facing the sea.
Each geodesic has a unique Clairaut constant c, de ned by the sine of the azimuth at the equator or cosine of the maximum latitude of the geodesic (see (3) below). Although the solution for this constant from known positions on the ellipsoid were discussed also by Helmert (1880, p. 329) , Moritz (1959) , Schmidt (2006a) and (2006b), Sjöberg (2006a Sjöberg ( ), (2006b Sjöberg ( ) and (2007 , and Sjöberg and Shirazian (2012) , the solution will now be treated more in detail for various cases.
Of particular interest will be the case when the given points with reduced latitudes β 1 and β 2 and longitudes λ 1 and λ 2 are located nearly or exactly antipodal, i.e. when the following condition is satis ed (Helmert 1880, p. 329 ; see also Appendix A.1) (β 2 + β 1 ) 2/3 + (π − λ 2 + λ 1 ) 2/3 (cosβ 1 ) 2/3 < ( fπcos 2 β 1 ) 2/3 +
where f is the attening of the ellipsoid given by
Here e is the rst eccentricity of the ellipsoid. According to Helmert (ibid.) , the geodesic is ambiguous for geodesics satisfying this inequality. A relevant question is whether this statement is true also for the Clairaut constant.
Once the Clairaut constant is known or determined for the geodesic between two given points, the solution to the inverse geodetic problem (i.e. to nd the length of the geodesic arc between and its azimuths at the end points) can be solved for any pair of points on the ellipsoid. Hence, in contrast to well-known procedures, like those of Rainsford (1955) and Vincenty (1975) , our solution of the inverse geodetic problem on the ellipsoid relies on that c has rst been xed, and the solutions include numerical integrations (instead of series expansions).
The article is organized as follows: In Ch. 2 we present the basic equations needed further on; Chs. 3 and 4 derive the geodesic arc length and the Clairaut constant in the general case with known points with (β 1 , β 2 ) ̸ = (0, 0) and not satisfying (1a), and Ch. 5 treats the general case with β 1 = β 2 = 0. Chapter 6 considers the special cases, satisfying (1) with (β 1 , β 2 ) ̸ = (0, 0). The in-equality is derived in Appendix A.1. Ch. 7 solves the geodesic arc and the azimuths at the end points for a known Clairaut constant, and the conclusions are summarized in Ch. 8.
Basic formulas
The geodesic is the curve on an ellipsoid that provides the shortest distance between two speci ed points. Each geodesic on the ellipsoid is characterized by a unique Clairaut constant, which is given by
Here α and β are the geodetic azimuth (counted from the north positive to the east) and reduced latitude at any point on the geodesic. The constant thus equals the sine of the azimuths α 0 and π − α 0 at the equator for the ascending and descending geodesics, respectively, and the cosines of β = ±β 0 at the northern/southern verteces (the northern/southernmost points of the geodesic), i.e. c = sinα 0 = sin (π − α 0 ) = cosβ 0 = cos (−β 0 ) .
(3)
Once the Clairaut constant for the geodesic that runs through two points on the ellipsoid is known (or has been xed), the solutions to the longitude difference and the geodesic arc length between the points can be presented as de nite integrals of the reduced latitude between the points. Each integral is divided to the closed form integral on the sphere, and an integral correction (denoted dλ and ds for the longitude and arc length, respectively) of the order of the eccentricity of the ellipsoid squared. The correction can be determined by standard formulas for numerical integration.
This will be our strategy to solve the inverse geodetic problem on the ellipsoid (see Sect. 6),
Let us assume that the longitude difference between two points
and that the reduced latitudes are related such that −β 0 ≤ β 1 < β 2 ≤ β 0 or β 0 ≥ β 1 > β 2 ≥ −β 0 , where β 0 > 0 denotes the latitude of the northern vertex of the geodesic connecting the two points. If ∆λ = 0 or π, the geodesic runs along the meridian, implying that c = 0. If 0 < ∆λ < π, it holds that 0 < c < 1
and (Sjöberg 2006a; Sjöberg and Shirazian 2011) ± ∆λ = c
and dλ = c
where t i = tanβ i and e is the rst eccentricity of the ellipsoid.
If the known points are given on adjacent sides of the northern vertex, one obtains Dλ = c
and in case of adjacent sides of the southern vertex:
In (5a) and (5c) we have used that arcsin(1) = π/2.
Applying (4a) and (4b) the longitude difference between the southern and northern verteces becomes:
(6b)
This shows that the longitude difference between the northern and southern verteces depends on c, equals π only for c = 0 and is otherwise somewhat shorter than π. This implies that for c ̸ = 0, the geodesic does not have a closed envelope around the Earth, but its period is somewhat shorter than 2π.
The geodesic arc length
In the rst case above, corresponding to (4a) -(4c), the arc length along the geodesic between the known points is given by (Sjöberg 2006) ± s = a
where ds = a
(7b)
In case P 1 and P 2 are located on adjacent sides of the northern vertex, the equation becomes
(8b)
In case of the known points located on adjacent sides of the southern vertex the arc length becomes
(8d)
These formulas will be useful in the derivations that follow.
The Clairaut constant in the general case with
The general case assumes that (1a) is not satis ed. Assuming also that (β 1 , β 2 ) ̸ = (0, 0) Proposition 4.1 below provides the solution for the Clairaut constant.
Proposition 4.1.
If (1a) is not satised and
where t i = tan β i .
Proof. There are two cases to be considered. i) If one of the given points (P 1 or P 2 ) is located at the vertex, or if both points are on the same side of the vertex, then (4b) holds, and it can be rewritten as
where
Hence,
which expression after squaring and a few manipulations yield
Here t 0 = 0 is not a solution, because (β 1 , β 2 ) ̸ = (0, 0). Hence, if Dλ ̸ = π, the only solutions for t 0 becomes:
and the solution for c can be written
ii) Consider now the case where P 1 and P 2 are located on dierent sides of the vertex. Then (5a) and (5c) yield the following equations
or
where A i are the same as above and the minus/plus sign in (13a) refers to the northern/southern vertex, respectively. Carrying out manipulations similar to those for (9a), one arrives once again at (11) and (12). Alternative forms for the Clairaut constant are
and
The proof follows by inserting the formulas 
into (12). 
The proof follows directly from (14a). If β 2 = β 1 , and given points are located on adjacent sides of the vertex, then
The proof follows directly from (14a). The application of the proposition requires that Dλ is known. This is achieved from the relation
where dλ, of order e 2 , must be iterated together with the solution of c from the proposition. dλ can either be numerically integrated directly from (4b), (5b) and (5d), or from the rened formulas of Appendix A.2.
Solutions with
If the known points are located on the equator, (4a), (5a) and (5b) can be modi ed to
where Dλ = 2c
and dλ = 2c
These equations are valid as long as β 0 > 0 (or t 0 > 0). This includes the limiting case ∆λ = π whence the geodesic runs along the meridian with c = 0. On the other hand, for small ∆λthe geodesic runs along the equator (i.e. c = 1), and the above equations do not hold. Hence, if ∆λ is close toπ, (18) yields that Dλ = π, and c should therefore vary between 0 and 1, and there must also be a limiting longitude difference ε away fromπfor which c approaches 1 (and β 0 → 0). According to (1), discussed by Helmert (1881, p.319), ε ≈ πf, and Schmidt (2006a), (2006b) and Sjöberg (2006b) and (2007) presented approximate values forε to about 36' of arc. Here we will derive an exact solution forεin two ways.
Proposition 5.1.
Proof. Let us assume that ∆λ diers only by a small valueε from π, i.e.
Using the substitutions of (20),
(19c) can be evaluated by partial integration to
As the integrand in (22b) is always nite, the integral vanishes as β 0 approaches zero. Hence,
and the proposition is proved.
An alternative proof of Proposition 5.1
Proof. The arc-length along the equator from P 1 to P 2 is a∆λ = a(λ 2 − λ 1 ). The arc length of the geodesic is obtained by (7a) and (7b), yielding s = 2a
where ds = 2a
By partial integration, with f (β) and its integral F (β) [as in (18) and (19a)], as well as
one obtains from (24b):
In the limit β 0 → 0, c goes to unity, the last integral vanishes and ds → −aε (27) where ε was dened in the proposition. Also, as in the limit the length of the geodesic between the given points is the same as the length along the equator, it holds that
Hence, this is the maximum longitude dierence at which the geodesic is along the equator.
Corollary 5.1.
Proof. The corollary follows immediately upon multiplying the right side of the proposition by
. Using Proof. The proofs in cases a) and c) were already discussed above. Case b) is proved as follows: For a nite β 0 , with ∆λ close to π, one obtains from (18) that ∆λ = π −ε, whereε is given by (16c). Thus one obtains:
π − ∆λ =ε = 2c
Hereε can be rewritten as ε = 2c
and thereby Case b) of the proposition follows. Note that cases b) and c) of the proposition satisfy (1a), and the two ambiguous geodesics run on opposite sides of the equator. The solution for Case b) needs to be iterated to convergence. In all these cases the Clairaut constant is unique.
Solutions for nearly antipodal points with
In the previous section we showed that for the given points located on the equator close to their antipodes, the solution to Clairaut's constant is unique, but the geodesic is not, as there are two solutions symmetrical around the equator. 
where all terms are of order e 2 , and an iterative solution for c would not converge well. From (6b) and (A23) we notice that dλ ≈ −e 2 πc/2, and by slightly reformulating (32a) one obtains
where, from (6b) or (A23),
As we let c k increase from 0 to 1 in the last equation, c k+1 in (32b) will be monotonically decreasing, implying that c k+1 = c k will be a unique solution for c (to order e 2 ). (The above reasoning does not hold for x = 0, in which case Dλ = π and (32a) is not correct.) In order to obtain an exact solution for c we will now consider dλ for the known points located on adjacent sides of the northern and southern verteces, respectively. (Note that only these cases are of interest for nearly antipodal points.) In this case Dλ can be written
and from (A15a) and (??) we obtain
and, after inserting (33), c = 2 e 2 π − ∆λ − arcsin
where (see (A2) for details)
) .
(35b)
Here the minus and plus signs apply to the cases with northern and southern verteces, respectively. Also here c must be iterated. As
Dλ is close to π, we may get a starting point for c by setting β 2 = −β 1 in (35a) and omitting h (β 0 , β 1 , β 2 ), which yields
(Notice that (35a) and (36) also hold for β 1 = β 2 = 0.) Alternatively, an approximation for c is obtained from the adjustment of (32b). As a result of the iteration both c and dλ are obtained.
Determination of the azimuth and arc length of the geodesic
Once we know the Clairaut constant and the coordinates of the end points of the geodesic arc we may determine the azimuths of the geodesic at the end points from (2):
There are obviously two solutions to (2), and the correct azimuth 
where dλ was determined by the iteration above. 2. The geocentric angel ψ between the given points located on the same and adjacent sides of a vertex are given by (A19a) and (A19b), respectively:
3. From Sjöberg and Shirazian (2012) one obtains
Here the integral (of order e 4 ) is most conveniently solved by numerical integration.
Concluding remarks
This study presents computational formulas for determining the Clairaut constant from two given points on the oblate ellipsoid of revolution. If the given points are not in the "antipodal region (AR)" governed by (1), the iterative formula of Proposition 4.1 solves the constant. If the given points are in the AR, the alternative iterative procedures described in Prop. 5.1 (for given points on the equator) and in Sect. 6 (for all other cases with nearly antipodal points). In all cases the Clairaut constant is unique.
Once the Clairaut constant is determined, the length of the geodesic between and its azimuths at the xed points are easily determined. Outside the AR the location of the geodesic is unique, while for the xed points within the AR there are generally dual geodesics mirrored in the equator, i.e. the azimuths are complementary [arcsin (c/ cos β i )and π − arcsin (c/ cos β i )] at each point. The only exception in the AR is for the xed points located at the poles of the ellipsoid, in which case all meridians are geodesics.
Our technique to solve the inverse geodetic problem differs from other solutions found in the literature mainly from the central role played by the Clairaut constant. Once the constant is xed, the solution is straight forward. In this way we avoid the difficulties to nd the solutions in the AR, as reported e.g. in Vincenty (1975) . No- 
